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COMPLEX AND TROPICAL COUNTS VIA POSITIVE
CHARACTERISTIC
MARCO PACINI AND DAMIANO TESTA
Abstract. We reconcile the discrepancy between the complex and tropical
counts of some enumerative problems reducing to positive characteristic. Each
problem that we consider suggests a prime with special behaviour. Modulo
this prime, the solutions coalesce in uniform clusters: at this special prime, the
geometric and the tropical behaviours match. As examples, we concentrate on
inflection points of plane curves and theta-hyperplanes of canonical curves.
1. Introduction
This paper started with our desire to understand the difference between some
enumerative problems over the complex numbers and their tropical analogues: we
found that by suitably choosing the characteristic of the field, we can mimick the
tropical behaviour geometrically. For us, tropical geometry was just the inspiring
motivation: our arguments use mainly techniques from algebraic geometry. It would
be interesting to see if the techniques that we develop here could be adapted to the
tropical setting and yield a systematic definition of combinatorial multiplicity.
For a specific example, we illustrate the situation with the case of inflection
points to plane cubics (Section 2). Classically, a smooth plane cubic over the
complex numbers admits exactly 9 inflection points. The tropical analogue of the
problem of inflection points of plane cubics yields 3 tropical inflection points. While
the tropical count does not match the complex count, it does match the number of
inflection points of a general plane cubic over a field of characteristic 3. Hence, the
geometric intuition that better adapts to the tropical problem of inflection points
comes from fields of characteristic 3. More generally, the number of inflection
points of a general plane curve of degree d is 3d(d− 2) over a field of characteristic
different from 3, while it is d(d−2) both over fields of characteristic 3 and tropically
(see [BLdM12]). In an unrelated generalization, the inflection points of plane cubics
are connected to points of order 3 on elliptic curves. Again, for a prime p, the p-
torsion points of a tropical abelian variety are modelled more closely by the p-torsion
points on an abelian variety over a field of characteristic p, than they are by the
p-torsion points over a field of characteristic different from p. We will not pursue
this generalization.
Similarly, the number of bitangent lines to a plane quartic over a field of char-
acteristic different from 2 is 28 (Section 3). Both over a field of characteristic 2
and tropically, a general plane quartic admits 7 bitangent lines. For background
on bitangents to plane quartics in characteristic 2, see [dR70,dR71,Wal95,NR06];
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for tropical bitangents, see [BLM+16, LL18, LM20]. Analogous results hold, more
generally, for canonical curves of arbitrary genus and their theta-hyperplanes. For
background on theta-characteristics in characteristic two, see [SV87], for tropical
theta-characteristics, see [Zha10,JL18].
We focus on problems where the count over the complex numbers differs from
the tropical count. Our initial observation is that, in all cases that we consider,
the tropical count matches the enumerative count over a field of a specially chosen
prime characteristic, rather than over the complex numbers. Table 1 summarizes
the examples that caught our attention.
Complex
count
Tropical
count
Special
prime
Inflection points of a general
plane curve of degree d
3d(d− 2) d(d− 2) 3
Bitangents of a general plane
quartic
28 7 2
Theta-hyperplanes of a general
canonical curve of genus g
2g−1(2g − 1) 2g − 1 2
Table 1. Examples of enumerative problems
Lemmas 2.5 and 3.1 highlight the presence of a special characteristic modulo
which there is a concentration of degree. We view these lemmas as different mani-
festations of the same principle: the geometric count in positive characteristic takes
into account the ramification contribution in the reduction from characteristic zero
to positive characteristic. Our local analysis shows that this can be justified by the
fact that some morphism becomes inseparable in a special characteristic.
There is a significant overlap between the enumerative problems that we analyze
and the ones that Harris considers in [Har79] over the complex numbers. The argu-
ment in characteristic zero is based on the computation of the relevant monodromy
groups. It is interesting to note that we also rely on some monodromy information,
via a result of Ekedahl, see Theorem 3.6.
A basic concept that plays an important role for us is the length of a zero-
dimensional irreducible component of a fiber of a morphism. Let π : X → Y be
a morphism of schemes and let x be a geometric point of X . Assume that the
irreducible component of the scheme-theoretic fiber π−1(π(x)) of π containing x
has dimension 0 and hence only has the point x in its support. We isolate the
following concept, since it plays a crucial role for us.
Definition 1.1. The π-length of x is the length of the irreducible component of
the scheme-theoretic fiber π−1(π(x)) containing x.
Depending on context, what we call π-length is also called ramification index ,
multiplicity, weight , and so on.
We give here a heuristic description of where our argument hinges, again in the
case of inflection points of plane curves. Form the two incidence correspondences
(C, p) and (C, ℓ) consisting of a plane curve C ⊂ P2 and either an inflection point p
or an inflection line ℓ. The Gauss map is the morphism that assigns to a pair
(C, p) the pair (C, TC,p), where TC,p is the tangent line (actually the inflection line)
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to C at p. For a fixed general curve C defined over an algebraically closed field,
the Gauss map is a bijection of finite sets. If the characteristic of the ground field
is different from 3, then the Gauss map is not only bijective on points, but is, in
fact, an isomorphism of finite schemes. However, if the characteristic of the ground
field is 3, then the Gauss map is inseparable of degree 3. This justifies why the
number of inflection points on a general plane curve of degree d in P2 over a field
of characteristic 3 is one third of the number over a field of characteristic different
from 3.
The situation is analogous in the case of bitangents to plane quartics: the two
points of tangency divide by 22 the cardinality of the set of bitangent lines, passing
from fields of characteristic different from 2 to fields of characteristic 2. In the case
of theta-hyperplanes of a canonical curve of genus g, the factor is 2g−1, since there
are g − 1 tangency conditions.
In the final section, we show how the method used in this paper, could potentially
be used in several other situations. This strategy could lead to proving that certain
primes divide the numbers of solutions to enumerative problems over the complex
numbers.
Acknowledgements. The authors would like to thank Michel van Garrel, Diane
Maclagan, Miles Reid, Israel Vainsencher for helpful discussions at various stages of
this project. In the process of writing this article, we used extensively the computer
program Magma [BCP97]: this computational tool proved immensely helpful.
2. Inflection points of plane curves
In this section, we study the inflection points of a plane curve, with special
attention to the case of fields of characteristic 3. Our starting point is an adaptation
of Proposition 1.6 of [Par86].
Let n be a non-negative integer, let R be a commutative ring with identity and
set Rn = R[x0, . . . , xn], the polynomial ring over R in n+ 1 variables. Let F ∈ Rn
be a polynomial. For i ∈ {0, . . . , n}, we recall the definition of the second Hasse
derivative of F with respect to the i-th variable xi, that we denote by Fxixi
2
(x).
View F as a polynomial in the variable xi with coefficients depending on the re-
maining variables and write
F (x0, . . . , xn) =
∑
j
Fj(x0, . . . , xˇi, . . . , xn)x
j
i .
Define
Fxixi
2
(x0, . . . , xn) =
∑
j
(
j
2
)
Fj(x0, . . . , xˇi, . . . , xn)x
j−2
i .
We observe that the identity 2Fxixi
2
= ∂
2F
∂x2i
holds. To simplify the notation, if
i, j ∈ {0, . . . , n} are distinct indices, then we denote the usual second derivative
∂2F
∂xixj
by Fxixj
2
. In our application, Hasse derivatives allow us to treat the case of
fields of characteristic 2 uniformly.
Let S = Rn[t0, . . . , tn] be a polynomial ring over Rn in n + 1 further variables
and set
x = (x0, . . . , xn), t = (t0, . . . , tn) and x+ t = (x0 + t0, . . . , xn + tn).
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Combining the second Hasse derivatives with Taylor expansion, we obtain the iden-
tity
F (x+ t) = F (x) +
n∑
i=0
Fxi(x)ti +
∑
0≤i≤j≤n
Fxixj
2
(x)titj +G,
where G ∈ S is a polynomial in the cube of the ideal generated by t0, . . . , tn. Set
∇xF · t =
n∑
i=0
Fxi(x)ti,
Hessx F (t) =
∑
0≤i≤j≤n
Fxixj
2
(x)titj ,
so that the congruence
F (x + t) ≡ F (x) +∇xF · t+Hessx F (t) mod (t0, . . . , tn)
3
holds.
Denote by P2
Z
∨
the projective plane dual to P2
Z
and choose homogeneous coor-
dinates ℓ0, ℓ1, ℓ2 on P
2
Z
∨
that are dual to the coordinates x0, x1, x2 on P
2
Z
. Thus, if
ℓ ⊂ P2
Z
is a line, then we identify ℓ with the point [ℓ0, ℓ1, ℓ2] ∈ P
2
Z
∨
and ℓ is the line
with equation
(1) ℓ : ℓ0x0 + ℓ1x1 + ℓ2x2 = 0.
We denote by F ⊂ P2
Z
× P2
Z
∨
the closed subscheme defined by Equation (1). The
scheme F consists of pairs (p, ℓ) consisting of a point p in the projective plane and
a line ℓ containing p. We call F the flag variety.
Associated to the line ℓ, we also find it convenient to introduce the set ℓ⊥ defined
as
ℓ⊥ =


(0, ℓ2,−ℓ1),
(−ℓ2, 0, ℓ0),
(ℓ1,−ℓ0, 0)

 .
The set ℓ⊥ consists of vectors spanning the kernel of the linear equation (1) deter-
mined by ℓ.
We set Nd =
(
d+2
2
)
− 1, the dimension of the projective space of plane curves of
degree d, that we identify with the non-zero forms of degree d, up to scaling, that
vanish on the corresponding curve.
Definition 2.1. The universal inflection flag is the closed subscheme Γd in P
Nd
Z
×
P
2
Z
× P2
Z
∨
defined by
Γd =

(F, p, ℓ) ∈ PNdZ × P2Z × P2Z∨
∣∣∣∣∣∣∣
p ∈ ℓ, F (p) = 0, and,
for all v ∈ ℓ⊥,
∇pF · v = 0, Hessp F (v) = 0.

 .
We also define
• the universal inflection point as the image Pd of Γd under the projection
π12 : Γd → P
Nd
Z
× P2
Z
, and
• the universal inflection line as the image Ld of Γd under the projection
π13 : Γd → P
Nd
Z
× P2
Z
∨
.
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The commutative diagram (2), where all the arrows are standard projections,
summarizes and extends the notation.
(2) Γd
π23
//
π12
}}④④
④④
④④
④④ π13
!!❈
❈❈
❈❈
❈❈
❈
π1

F
Pd
πd
  
❇❇
❇❇
❇❇
❇
Ld
πf
~~⑤⑤
⑤⑤
⑤⑤
⑤
P
Nd
Z
Remark 2.2. We can use Diagram (2) to explain the difference between inflection
points and inflection lines. Let k be a field and denote by (Γd)k, (Pd)k and (Ld)k the
base-change to Spec k of the schemes Γd, Pd and Ld. The morphism (Γd)k → (Pd)k
is birational, regardless of the field k. The morphism (Γd)k → (Ld)k is birational
if and only if the characteristic of k is different from 3. If the characteristic of k
is 3, then the scheme (Ld)k is generically non-reduced and the morphism (Γd)k →
(Ld)k,red between reduced induced schemes is purely inseparable of degree 3.
Definition 2.3. Let d be a positive integer, let k be a field and let F ∈ PNdk
correspond to the plane curve C ⊂ P2k of degree d. The inflection flag scheme of C
is the pull-back FC ⊂ F of π1 over the k-valued point F .
Example 2.4. Let k be a field of characteristic 3 and let E ⊂ P2k be the plane
cubic with equation
FE = x0x1x2 + (x0 − x1)
3 = 0.
The equations of the inflection flag scheme FE of E are
FE :


ℓ0x0 + ℓ1x1 + ℓ2x2 = 0,
x0x1x2 + (x0 − x1)
3 = 0,
2× 2 minors of
(
ℓ0 ℓ1 ℓ2
x1x2 x0x2 x0x1
)
= 0,
ℓ1ℓ2x0 = ℓ0ℓ2x1 = ℓ0ℓ1x2 = 0.
An easy, direct calculation shows that FE consists of the three points
• ([1, 1, 0], [0, 0, 1]) with one-dimensional Zariski tangent space;
• ([0, 0, 1], [1, 0, 0]) and ([0, 0, 1], [0, 1, 0]), both with two-dimensional Zariski
tangent space.
The multiplicity of each one of the three points in the support of FE is 3. The point
[1, 1, 0] is smooth on E and the tangent line to E at such point has intersection
multiplicity 3 with E.
In the next lemma, we compute the π13-length (Definition 1.1) of certain points
of Γd.
Lemma 2.5. Let (F, p, ℓ) ∈ Γd be a k-valued point and let C ⊂ P
2
k be the curve with
equation F = 0. Assume that C contains no line through p and that the intersection
multiplicity of C and ℓ at p is 3. The π13-length λ(F,p,ℓ) of (F, p, ℓ) is
• λ(F,p,ℓ) = 1, if the characteristic of k is different from 3;
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• λ(F,p,ℓ) = 3, if the characteristic of k is 3.
Proof. Choose homogeneous coordinates x0, x1, x2 on P
2
k so that p is the point
[0, 0, 1] and ℓ is the line with equation ℓ : x0 = 0. Since the intersection multiplicity
of C and the line x0 = 0 is 3, there are forms G(x0, x1, x2) ∈ k[x0, x1, x2] and
H(x1, x2) ∈ k[x1, x2] with H(0, 1) 6= 0 such that we can write
F (x0, x1, x2) = x0G(x0, x1, x2) + x
3
1H(x1, x2).
The equations of the scheme-theoretic fiber Π of π13 at the point (F, ℓ) are
Π:


0 = x0,
0 = x0G + x
3
1H,
0 = x0Gx1 + x
2
1 (3H + x1Hx1) ,
0 = x0Gx2 + x
3
1Hx2 ,
0 = x0Gx1x1
2
+ x1
(
3H + 3x1Hx1 + x
2
1H x1x1
2
)
,
0 = x0Gx2x2
2
+ x31H x2x2
2
.
The first two equations imply the identity x31H = 0. Since H does not vanish at p,
we deduce that x31 is in the ideal of the irreducible component (Π)p of Π supported
at p. Thus, the scheme (Π)p is defined by the equations
(Π)p : x0 = x
3
1 = 3x1 = 0.
The result follows. 
Lemma 2.6. The projection map π23 : Γd −→ F defined by (F, p, ℓ) 7→ (p, ℓ) is
smooth and its fibers are linear subspaces of PNd
Z
of codimension 3.
Proof. The equations defining Γd are linear in the coefficients of F , showing that
the scheme-theoretic fibers of π23 are linear subspaces of P
Nd
Z
. Thus, to prove the
statement, it suffices to show that the codimension of each geometric fiber of π23
is 3. Observe also that, by the standard covariance properties of the gradient
and the Hessian, the scheme Γd is stable under the natural action of the group-
scheme GL3,Z.
Let k be a field and let (p, ℓ) be a k-valued point of the flag variety F . Choose
coordinates on P2k so that p is the point [0, 0, 1] and ℓ is the line ℓ : x0 = 0. Write
F =
∑
ai0i1i2x
i0
0 x
i1
1 x
i2
2 , with coefficients ai0i1i2 in k. In this coordinate system, the
equations defining the fiber of π23 over (p, ℓ) reduce to
a00d = 0, a01d−1 = 0, a02d−2 = 0,
and the result follows. 
Lemma 2.7. The morphism π12 : Γd → Pd sending (F, p, ℓ) to (F, p) is an iso-
morphism on the open set where p is a smooth point of the curve with equation
F = 0.
Proof. The assignment
Pd 99K Γd
(F, p) 7−→ (F, p, [Fx0(p), Fx1(p), Fx2(p)])
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is a rational inverse of π12 and it is defined whenever at least one of the partial
derivative of F does not vanish at p, that is, whenever p is a smooth point of the
curve F = 0, as required. 
The following result is the numerical analogue, in characteristic 3, of the tropical
results of [BLdM12, Section 5, especially Theorem 5.6].
Theorem 2.8. Let k be a field of characteristic 3 and let F ∈ PNdk be a general
form of degree d. For every k-valued point (F, p) in Pd, the πd-length of (F, p) is 3.
Proof. Let U be the locus of triples (F, p, ℓ) ∈ Γd satisfying the conditions
• p is a smooth point of the curve C with equation F = 0 and ℓ is the tangent
line to C at p;
• the intersection multiplicity of the tangent line ℓ with C at p is 3;
• the inflection flag scheme FC has dimension 0 and the point (F, p, ℓ) in the
support of FC has length 3.
By Lemma 2.5 and standard upper-semicontinuity arguments, we see that U is
open in Γd. Using again Lemma 2.5, we obtain that for every point u ∈ U the π13-
length of u is 3. Applying Lemma 2.7, we deduce that for a triple (F, p, C) ∈ U ,
the π13-length coincides with the πd-length of (F, p). and they are therefore both
equal to 3.
Let FE be the form appearing in Example 2.4 and let pE ∈ E be the point
pE = [1, 1, 0] and ℓE ⊂ P
2
k be the tangent line to E at pE . It is easy to verify that
the triple (xd−30 FE , pE , ℓE) is contained in U , showing that U is non-empty.
Set Z = π1(Γd \ U) ⊂ P
Nd
k and let V ⊂ P
Nd
k be the complement of Z. By
Lemma 2.6, the scheme Γd is irreducible and hence the open set V in P
Nd
k is dense.
It follows that every pair (F, p), with F belonging to V has πd-length equal to 3,
as required. 
Let d be a positive integer, let k be a field and let C ⊂ P2k be the plane curve of
degree d with equation F = 0. We denote by PC the scheme-theoretic fiber π
−1
d (F )
of πd over the k-valued point of P
Nd
k corresponding to C. We call PC the scheme
of inflection points of C.
Corollary 2.9. Let d be a positive integer, let k be an algebraically closed field of
characteristic 3 and let C ⊂ P2k be a general plane curve of degree d. The scheme
of inflection points of C consists of d(d− 2) points, each of multiplicity 3.
Proof. The result follows from Theorem 2.8, combined with the classical fact that,
since C is general, the scheme of inflection points PC of C is finite of degree 3d(d−
2). 
3. Theta hyperplanes and theta characteristics
3.1. Reminders on theta-characteristics. Let k be a field and let C be a
smooth, projective, geometrically irreducible curve of genus g defined over k. De-
note by ωC the canonical divisor of C. A theta-characteristic of C is a line bundle L
on C such that there is an isomorphism L 2 ∼= ωC .
Assume that the characteristic of the field k is different from 2. The curve C ad-
mits 22g distinct geometric theta-characteristics. The parity of the number of global
sections of a theta-characteristic is deformation invariant. This induces a partition
on the set of theta-characteristics: a theta-characteristic L is even if the dimension
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dimH0 (C,L ) is even, it is odd otherwise. There are exactly 2g−1(2g + 1) distinct
even theta-characteristics and 2g−1(2g − 1) distinct odd theta-characteristics. If C
is general, then every even theta-characteristic has no non-zero global sections and
every odd theta-characteristic has a one-dimensional vector space of global sections.
We refer to the paper [Mum71] of Mumford and to [ACGH85, Appendix B, p. 281].
Assume now that the characteristic of the field k is 2. There is an integer hC ≥ 0
such that the curve C admits 2g−hC distinct geometric theta-characteristics. The
curves for which hC vanishes form a non-empty open subset of the moduli space
of curves of genus g: these curves are called ordinary and will be our main focus
of interest. The parity of the number of global sections of a theta-characteristic
is no longer deformation invariant. Rather than the parity, we will be concerned
with whether or not a theta-characteristic admits a non-zero global section: we
say that theta-characteristic is effective if it admits a non-zero global section, we
say that it is non-effective otherwise. The ordinary curves C admit a unique non-
effective theta-characteristic: this theta-characteristic is called the canonical theta-
characteristic. The notion of canonical theta-characteristic extends to all smooth
projective curves. An alternative definition of ordinary is a curve for which the
canonical theta-characteristic is not effective. On every curve all non-canonical
theta-characteristics are effective. In particular, for a non-ordinary curve, all theta-
characteristics are effective. The theory of theta-characteristics in characteristic 2
is closely related to de Rham cohomology, the Cartier operator, Dieudonne´ modules
and so on. We will not need any of this machinery. We refer the interested reader
to [SV87, Section 3] and to [Ser58,Bak00,AH19].
3.2. Local computations. Let k be a field, let n be a positive integer and let
C ⊂ Pnk be a smooth, quasi-projective, curve. For a k-valued point p ∈ C, we
denote by TC,p the embedded Zariski tangent space to C at p. Set
C∨ = {(p,H) | p ∈ C and H ⊃ TC,p} ⊂ P
n
k × P
n
k
∨,
so that C∨ is a closed subset of C × Pnk
∨. Denote by γ : C∨ → Pnk
∨ the projection
to the second factor.
In the next lemma, we compute the γ-length (Definition 1.1) of certain points
of C∨.
Lemma 3.1. Let (p,H) ∈ C∨ be a k-valued point and assume that C contains no
line through p. Assume that the intersection multiplicity of C and H at p is 2. The
γ-length λ(p,H) of (p,H) is
• λ(p,H) = 1, if the characteristic of k is different from 2;
• λ(p,H) = 2, if the characteristic of k is 2.
Proof. Let OC,p be the local ring of C at the point p, with maximal ideal mp.
Choose a linear form x0 on P
n
k such that the hyperplane with equation x0 = 0 does
not contain the point p and let Ank ⊂ P
n
k be an affine coordinate chart defined by
x0 6= 0, containing the point p.
Let Vp be the vector space of linear functions on A
n
k vanishing on p. For each
integer r ≥ 1, let V rp ⊂ Vp be the kernel of the k-linear map Vp → OC,p/m
r
p. Each
successive quotient of the chain Vp = V
1
p ⊃ V
2
p ⊃ · · · ⊃ V
r
p ⊃ · · · has dimension
at most 1. The elements in V 1p \ V
2
p are linear functions vanishing on hyperplanes
transverse to C at p. As C is smooth at p, there are such hyperplanes: denote
by x1 any linear form on P
n
k such that the ratio
x1
x0
is in V 1p \ V
2
p . Let x2 be a
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non-zero linear form on Pnk vanishing on H . By the assumption that C and H have
intersection multiplicity 2 at p, we deduce that x2
x0
is contained in V 2p \V
3
p . Finally,
let x3, . . . , xn be linear forms on P
n
k such that
x3
x0
, . . . , xn
x0
is a basis of V 3p . Observe
that x0, . . . , xn is a homogeneous coordinate system for P
n
k . With respect to this
basis,
• the homogeneous coordinates of the point p are [1, 0, . . . , 0],
• the equation of the hyperplane H is x2 = 0,
• the equations of the tangent line TC,p to C at p are x2 = · · · = xn = 0.
Since the equations of the tangent line to C at p are x2 = · · · = xn = 0, we can
choose homogeneous polynomials f2, . . . , fn ∈ k[x0, . . . , xn], vanishing on C and
such that, for i ∈ {2, . . . , n}, there is a homogeneous polynomial gi(x0, . . . , xn) in
the square of the ideal generated by (x1, . . . , xn) satisfying the equality
fi(x0, . . . , xn) = x
deg fi−1
0 xi + gi(x0, . . . , xn).
It follows that the scheme with equations f2 = · · · = fn = 0 coincides with C in a
neighbourhood of the point p.
We now argue that the coefficient of the monomial xdeg f2−20 x
2
1 in g2 is non-zero.
We set y1 =
x1
x0
, . . . , yn =
xn
x0
. By construction, the restriction of all monomials
in y1, . . . , yn to C belongs to m
3
p, except for the monomials 1, y1, y2, y
2
1. Since the
restriction of the polynomial y2+ g2(1, y1, . . . , yn) to C vanishes, we deduce that in
the polynomial g2(1, y1, . . . , yn) the monomial y
2
1 appears with non-zero coefficient,
as stated.
The equations
n∑
i=0
ℓixi = 0
f2(x0, . . . , xn) = · · · = fn(x0, . . . , xn) = 0(3)
n× n minors
(
Jac
(∑
ℓixi, f2, . . . , fn
))
= 0,
where Jac denotes the n × (n + 1) Jacobian matrix, with respect to the variables
x0, . . . , xn, define C
∨ in a neighbourhood of (p,H) in Pnk × P
n
k
∨.
Let C∨H be the fiber of γ over the hyperplane H , and let (C
∨
H)p be the irreducible
component supported at (p,H) of C∨H . We obtain the equations of (C
∨
H)p in a
neighbourhood of (p,H), setting the (n + 1)-tuple (ℓ0, . . . , ℓn) to (0, 0, 1, 0, . . . , 0)
in Equations (3). Thus, scheme (C∨H)p is contained in C and, using the equation
x2 = 0, we find that it is even contained in SpecOC,p/m
2
p. We deduce that the
scheme (C∨H)p is reduced (and smooth) if and only if at least one of the n × n
minors of J = Jac(x2, f2, . . . , fn) is not contained in m
2
p. The matrix J belongs to

0 0 1 0 · · · 0
m
2
p 2λx1 +m
2
p 1 +mp mp · · · mp
m
2
p mp mp 1 +mp
. . .
...
...
...
...
. . .
. . . mp
m
2
p mp mp · · · mp 1 +mp

 ,
where λ is the coefficient of the monomial xdeg f2−20 x
2
1 in the form g2. Since the
entries of the first column of J are contained in m2p, the only minor that may not
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lie in m2p is the one obtained removing the first column of J : we denote this minor
by M . Developing M with respect to the first row, we find that it is contained in
det


2λx1 +m
2
p mp · · · mp
mp 1 +mp
. . .
...
...
. . .
. . . mp
mp · · · mp 1 +mp

 .
Expanding the determinant using signed sums over permutations, we obtain the
congruence M ≡ 2λx1 (mod m
2
p). We proved that λ is non-zero, and hence we
find that M ∈ mp \ m
2
p if and only if the characteristic of k is different from 2, as
needed. 
Let t be a positive integer and let C2,t ⊂ C
t × Pnk
∨ be the fiber product of C∨
with itself t times over Pnk
∨:
C2,t = C
∨ ×γ · · · ×γ C︸ ︷︷ ︸
t times
∨
.
We denote by γ∨ : C2,t → P
n
k
∨ the natural projection map. Thus, the geometric
points of C2,t consist of the (t+1)-tuples (p1, . . . , pt, H) such that the hyperplane H
contains the tangent line to C at each one of the points p1, . . . , pt.
Proposition 3.2. Let k be a field of characteristic 2 and let n, t be positive integers.
Suppose that C ⊂ Pnk is a smooth curve. Let p = (p1, . . . , pt, H) be a point in C2,t.
Assume that the intersection multiplicity of H with each one of the points p1, . . . , pt
is equal to 2. The γ∨-length of p is 2t.
Proof. Fix i ∈ {1, . . . , t}. Denote by γi : C
t×Pnk
∨ → C×Pnk
∨ the projection sending
(q1, . . . , qt, H) to (qi, H) and by Fi the irreducible component containing (pi, H) of
the fiber of γ : C∨ → Pnk
∨ over the point H . The support of the scheme Fi is the
single point (pi, H) and the length of Fi is 2, by Lemma 3.1.
Let Fp denote the irreducible component containing p of the fiber of γ
∨ over the
point H . The support of the scheme Fp is the single point p. The length of Fp is
the γ∨-length of p. The scheme Fp satisfies
Fp = γ
−1
1 (F1) ∩ · · · ∩ γ
−1
t (Ft)
∼= F1 × · · · × Ft.
It follows that the γ∨-length of p is 2t, as required. 
3.3. Characteristic 2. In this section, we work mostly with spaces defined over
fields of characteristic 2. Let A → SpecZ be a scheme (or stack) flat over SpecZ.
Notation 3.3. We denote by A¨ the fiber of A → SpecZ over the point SpecF2.
Let g ≥ 0 be a non-negative integer. Let Mg denote the stack of smooth pro-
jective connected curves of genus g flat over SpecZ and let u : Mg,1 →Mg be the
universal curve over Mg.
Let Pic(Mg,1/Mg)→Mg be the relative Picard stack. We denote by
(4)
Pic(Mg,1/Mg) −→ Pic(Mg,1/Mg)
[(C,L )] 7−→ [(C,L ⊗2)]
the squaring morphism taking a line bundle L on the curve C to the line bun-
dle L⊗2 on C. Let Sg ⊂ Pic(Mg,1/Mg) be the stack of theta-characteristics
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defined as the fiber of the squaring morphism (4) over the class of the relative
canonical line bundle. The stack Sg has a natural morphism
πg : Sg −→Mg.
The geometric points of the fiber of πg above a smooth projective curve C of genus g
are the theta-characteristics of C.
The stack Sg is the union of two irreducible components, denoted by S
+
g and S
−
g .
Each one of these components is finite and flat over Mg. Over the open subset
Mg ×SpecZ SpecZ[
1
2 ] of Mg, the stacks S
+
g and S
−
g are disjoint, e´tale, and their
geometric points correspond to even or odd theta-characteristics.
For every prime p different from 2, the reductions S±g ×SpecZ SpecFp are irre-
ducible (see [Jar00, Section 3, Theorem 3.3.11]). The stack S¨g, reduction of Sg
modulo 2, is also reducible: the distinction between canonical and non-canonical
theta-characteristics in characteristic 2 replaces the distinction between even and
odd theta-characteristics in characteristic different from 2.
Definition 3.4. The stack Scang ⊂ S¨g of canonical theta-characteristics is the clo-
sure of the (non-empty) open subset consisting of pairs (C,L ), where H0 (C,L ) =
0. The stack Sncg ⊂ S¨g of non-canonical theta-characteristics is the closure of the
complement of Scang .
Remark 3.5. The subset Scan,◦g consisting of pairs (C,L ), where H
0 (C,L ) = 0
is open in Scang and hence also in S¨g. The image of S
can,◦
g → M¨g is the open subset
of ordinary curves. The natural closed immersion Sncg →֒
(
S¨g \ S
can,◦
g
)
is bijective
on points. Nevertheless, the morphism is an isomorphism only over the locus of
ordinary curves. Most of our arguments only involve ordinary curves, so that we
do not need to worry too much about this distinction.
Theorem 3.6 (Ekedahl). The stacks Scang and S
nc
g are irreducible.
Proof. This is a consequence of a more general theorem of Ekedahl (see [Eke91,
p. 43, Theorem 2.1]). The cited theorem computes explicitly the monodromy of
the reduction modulo 2 of the 2-torsion subgroup of Pic(Mg,1/Mg) → Mg. The
monodromy action is the natural action of GLg(F2) on (F2)
g, which has two orbits.
Since the stack S¨g is a torsor under the action of the 2-torsion subgroup, we deduce
that S¨g has two irreducible components and we are done. 
As a consequence of the previous theorem, we see that
• the support of the stack S¨+g is the support of the whole S¨g,
• the support of the stack S¨−g is the same as the support of the stack S
nc
g .
The stacks S+g and S
−
g meet over M¨g, the reduction of Mg modulo 2 (see
Notation 3.3). This confirms that, over a field of characteristic 2, the parity of a
theta-characteristic is no more an invariant under a deformation.
Example 3.7. Let g ≥ 1 be an integer and let k be field of characteristic 2. Let X
be a smooth, projective curve of genus g defined over k and let h : X → P1k be
a separable double cover. Thus, if g ≥ 2, then the curve X is hyperelliptic. We
assume that the curve X is ordinary, so that the support of the ramification divisor
of h consists of g + 1 distinct geometric points d1, . . . , dg+1. Assume that each one
of the g + 1 points d1, . . . , dg+1 is defined over k.
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• The divisor D = d1 + · · · + dg−1 is smooth and the line bundle OX(D) is
a theta-characteristic on X . By the geometric Riemann-Roch, the linear
system |D| consists of the single effective, reduced divisor D.
• The divisor E = d1 + · · ·+ dg − dg+1 is a non-effective theta-characteristic
on X . Hence, E is the canonical theta-characteristic on X (see [SV87,
p. 60]).
In order to prove our results, we use certain curves that we describe in the
following lemma.
Lemma 3.8. Let g be a non-negative integer. There exists a smooth projective
connected curve C of genus g defined over an algebraically closed field of character-
istic 2 with the following property. For every theta-characteristic θ on C either
(1) θ is not the canonical theta-characteristic of C, in which case the dimension
of the vector space H0(C, θ) is one and the unique effective divisor in the
linear system |θ| is reduced (that is, consists of exactly g− 1 distinct points
of C); or
(2) θ is the canonical theta-characteristic of C, in which case the dimension of
the vector space H0(C, θ) is zero.
Proof. The case of genus g = 0 is clear: the curve C is isomorphic to P1, the only
theta-characteristic on P1 is the canonical theta-characteristic OP1(−1) which is not
effective.
Suppose that the inequality g ≥ 1 holds. By Theorem 3.6, the stacks S¨g are S
can
g
and Sncg are irreducible. Thus, to prove the lemma, it is sufficient to exhibit a
single curve with non-effective canonical theta-characteristic and an effective theta-
characteristic satisfying item (1). We conclude using Example 3.7. 
In the next results, we deal with canonical curves .
Definition 3.9. A canonical curve over a field k is a smooth, projective, geomet-
rically irreducible curve C ⊂ Pnk such that
• the restriction OC(1) of the line bundle OPn
k
(1) to C is the canonical line
bundle on C, and
• the restriction on global sections
H0
(
P
n
k ,OPnk (1)
)
−→ H0 (C,OC(1))
is an isomorphism.
Let C ⊂ Pnk be a canonical curve. It follows from the definition that the curve C
is not hyperelliptic, the genus g of C satisfies inequality g ≥ 3, the dimension of
the ambient projective space is n = g − 1 and the degree of C is 2g − 2.
For any fixed integer g ≥ 3, the space of canonical curves of genus g is birational
to a PGLg-bundle over the moduli space of curves of genus g. In particular, this
space is irreducible.
Caporaso and Sernesi introduce the following terminology in [CS03, Section 2.1].
Definition 3.10. Let C ⊂ Pg−1k be a canonical curve of genus g. A theta-hyperplane
H ⊂ Pg−1k is a hyperplane such that the intersection multiplicities of C ∩H are all
even.
Let C be a general canonical curve of genus g ≥ 3 over a field k. The curve C
has a finite number of theta-hyperplanes.
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• If k is a field of characteristic different from 2, then the number of theta-
hyperplanes of C is 2g−1(2g − 1).
• If k is a field of characteristic 2, then the number of theta-hyperplanes of C
is 2g − 1. Indeed, by Lemma 3.8 the theta-hyperplanes of a general curve
are in bijection with the non-canonical theta-characteristics of C and an
ordinary curve has 2g − 1 non-canonical theta-characteristics.
We set C◦2,g−1 ⊂ C2,g−1 to be the open subset consisting of the complement of all
diagonals, that is, C◦2,g−1 is the open subset of C2,g−1 whose geometric points cor-
respond to the g-tuples (p1, . . . , pg−1, H) ∈ C2,g−1 such that the points p1, . . . , pg−1
are distinct and the hyperplane H contains the tangent line to C at each one of
these points. Thus, the image under the morphism γ∨ : C2,g−1 → P
g−1
k
∨
of the
open subset C◦2,g−1 is contained in the set of all theta-hyperplanes of C.
For a general canonical curve C, the image γ∨(C◦2,g−1) is the set of all 2
g − 1
theta-hyperplanes of C. This allows us to define the scheme of theta-hyperplanes
of the general curve C as the scheme-theoretic image Θ(C) of C◦2,g−1 under the
morphism γ∨.
In the genus g = 3 case, the tropical version of the following corollary was
conjectured in [BLM+16, Conjecture 1.1] and proved in [CJ17, Theorem 1.1] and
[LM20, Theorem 4.1]. In the genus g = 4 case, again in the tropical setting, see
also [HL17, Theorem 5.2].
Theorem 3.11. Let g ≥ 3 be an integer and let k be a field of characteristic 2.
Let C ⊂ Pg−1k be a general canonical curve. The scheme of theta-hyperplanes of C
is finite of degree 2g−1(2g − 1) and the multiplicity of each is 2g−1.
Proof. Since C is general, we already observed that the set of geometric points
of Θ(C) is finite and coincides with the set of 2g − 1 theta-hyperplanes of C.
Moreover, the morphism γ∨ is e´tale of degree (g−1)!, corresponding to the possible
orderings of the (g − 1) intersection points between a theta-hyperplane and the
curve C.
We are left to show that the multiplicity of each geometric point of Θ(C), or,
equivalently, of C◦2,g−1, is 2
g−1. This follows from Proposition 3.2. 
In the following theorem, we denote by
π+g : S¨
+
g → M¨g and π
−
g : S¨
−
g → M¨g
the reduction modulo 2 of the projection maps S+g → Mg and S
−
g → Mg. This
theorem is the numerical analogue, in characteristic 2, of the tropical result [JL18,
Theorem 1.1].
Theorem 3.12. Let (C, θ) ∈ S¨g be a point corresponding to a smooth, projec-
tive, ordinary curve C of genus g over a field k of characteristic 2, with a theta-
characteristic θ. If (C, θ) is in S¨+g , then the π
+
g -length λ
+
(C,θ) at the point (C, θ)
is
λ+(C,θ) =
{
2g, if θ is the canonical theta-characteristic of C,
2g−1, if θ is not the canonical theta-characteristic of C.
If (C, θ) is in S¨−g , then the π
−
g -length λ
−
(C,θ) at the point (C, θ) is
λ−(C,θ) = 2
g−1.
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Proof. Let SC be the fiber of πg : S¨g → M¨g over the k-valued point corresponding
to the curve C. Thus, SC is a scheme whose geometric points correspond to theta-
characteristics of C. Observe that SC is a torsor under the 2-torsion subgroup
scheme JacC [2] of JacC . The group-scheme JacC [2] has length 2
2g and, since C is
ordinary, it has 2g distinct geometric points. By homogeneity, each geometric point
of JacC [2] has multiplicity 2
g. Therefore, the JacC [2]-torsor SC also consists of 2
g
geometric points, each of multiplicity 2g.
From the description of SC , we deduce the equality
(5) λ+(C,θ) + λ
−
(C,θ) = 2
g,
with the convention that, for ε ∈ {+,−}, if (C, θ) ∈ S¨g is not in S¨
ε
g , then λ
ε
(C,θ) =
0. (A posteriori, the only new notation that this convention introduces is λ−(C,θ),
where θ is the canonical theta-characteristic of C.)
We deduce that, to prove the result, it suffices to prove the identities
(6) λ−(C,θ) =
{
0, if θ is the canonical theta-characteristic of C,
2g−1, if θ is not the canonical theta-characteristic of C.
By [SV87, p. 60], if θ is the canonical theta-characteristic of C, then θ is not
effective. It follows that the pair (C, θ) does not belong to the stack S¨−g . Thus,
λ−(C,θ) vanishes. This proves the result in the case in which θ is the canonical
theta-characteristic.
Suppose now that θ is not the canonical theta-characteristic. Recall that the
supports of S¨−g and S
nc
g coincide. By the irreducibility of S
nc
g , Theorem 3.6, the
function λ−(C,θ) is independent of the pair (C, θ), over a non-empty open subset of
M¨g. Denote by a the value of λ
−
(C,θ) on this open set.
We now show that a equals 2g−1. If C is an ordinary curve, then C has 2g − 1
non-canonical theta-characteristics. It follows that, for a general curve, the equality
a(2g − 1) = deg π−g = deg πg|S−g
holds. Since a smooth curve over a field of characteristic 0 has 2g−1(2g − 1) odd
theta-characteristics, we deduce the equality
deg πg|S−g = 2
g−1(2g − 1).
We obtain that a equals 2g−1, as required.
So far, we proved the theorem for a general curve. We now argue that the result
holds for all ordinary curves. Suppose, now, that C is an ordinary curve. As before,
we reduce to showing the identities in (6). Let S−C ⊂ (π
−
g )
−1(C) be the fiber of π−g
on the curve C. By the flatness of π−g , the formula
2g−1(2g − 1) =
∑
(C,θ)∈S−
C
λ−(C,θ)
holds. By upper-semicontinuity of lengths of fibers, each term λ−(C,θ) in the sum
above satisfies the inequality λ−(C,θ) ≥ 2
g−1. To conclude, it is sufficient to show
that S−C consists of 2
g − 1 distinct geometric points.
The fibers of πg over the ordinary locus consist of 2
g distinct geometric points, of
which 2g − 1 correspond to pairs (D, η) with η a non-canonical theta-characteristic
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on D. Still on the ordinary locus, the support of each fiber of the morphism π−g is
contained in the 2g − 1 distinct geometric points of the fibers of πg corresponding
to non-canonical theta-characteristics. We deduce that the number of distinct geo-
metric points in the fibers of π−g cannot decrease on the ordinary locus, since the
morphism π−g is proper. We conclude that S
−
C contains 2
g − 1 distinct geometric
points. The result follows. 
4. Final remarks
The method developed in this paper is potentially applicable to further situ-
ations. We give a few examples of problems where the same strategy could go
through. We leave it as a challenge to check whether or not it works out.
4.1. Steiner’s conic problem. This is the question of how many smooth conics
are tangent to five general conics in the plane. Several people worked on this
problem (Steiner, de Jonquie`res, Chasles, Fulton, MacPherson). The number over
fields of characteristic different from 2 is 3264 (see [EH16] for more information
on the problem). In [Vai78], Vainsencher worked out the number over fields of
characteristic 2 and obtained 51 as the answer (see [Vai78, Section 9]). We observe
that 3264 = 2·25·51. We can imagine using Proposition 3.2 to show that the smooth
conics tangent to five general conics over a field of characteristic 2 give rise to a
finite scheme whose points have length is 25. Combining this with Vainsencher’s
count, gives 25 · 51 conics counted with multiplicity. This is half of what we expect
from the results in characteristic different from 2. The missing 25 · 51 solutions,
could arise from counting singular conics appropriately.
4.2. The formula of de Jonquie`res. Choose non-negative integers g, v and a
t-uple of positive integers m = (m1, . . . ,mt). The de Jonquie`res number ([Jon66,
Theore`me I, 3a]) is
J(g, v,m) =
(∏
mi
) t∑
h=0
(
t+ v − h
v
)(
g
h
)
(t− h)!h!σh(m1 − 1, . . . ,mt − 1),
where σ0, . . . , σt are the elementary symmetric functions in t variables. Fix a
smooth projective curve C ⊂ Pn of genus g and degree d = v +
∑
mi. Under
appropriate conditions, the integer J(g, v,m) is the expected number of hyper-
planes that have contact multiplicities at least m1, . . . ,mt at t ordered points of C.
A special Jonquie`res numbers yield the Plu¨cker formulas ([Plu¨34]) for the number
of inflection and bitangent lines of general plane curves. See [Vai81, Section 4.4,
p. 407] for a modern treatment of the de Jonquie`res formula. In the special case of
bitangents to plane quartics, we find
J(3, 0, (2, 2)) = 56.
This is twice the number of bitangent lines, since we are ordering the points of
tangency between the bitangent and the curve. Writing
(t− h)!h!σh(m1 − 1, . . . ,mt − 1) =
∑
τ∈St
(mτ(1) − 1) · · · (mτ(t) − 1),
it is clear that #StabSt(m) divides the integer (t − h)!h!σh(m1 − 1, . . . ,mt − 1).
This shows that the number
J(g, v,m)
#StabSt(m)
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is an integer divisible by
∏
mi. This number counts hyperplanes as above, without
an ordering of the points. In the case in which the integers m1, . . . ,mt are all
equal to 2, this is perfectly in line with the formula in Proposition 3.2. Moreover,
Lemma 2.5 gives similar divisibility properties for the de Jonquie`res number, in
the case of inflection lines of plane curves. This suggests a possible approach to
proving the divisibility of the de Jonquie`res number by the product
∏
mi following
the methods used in this paper.
4.3. A log Gromov-Witten invariant with maximal contact multiplicities.
Let L ⊂ P2 be a line, let Q ⊂ P2 be a conic not tangent to L and let x ∈ P2 be
a general point. For a fixed positive integer d, denote by Nd the number of nodal
rational curves of degree d containing x and having a single point of intersection, of
multiplicity d, with L and a single point of intersection, of multiplicity 2d, with Q.
The number Nd is finite and it has been computed by [BBvG]:
Nd =
(
2d
d
)
.
This result is part of a more general project relating log Gromov-Witten invariants
with local Gromov-Witten invariants (see the log-local principle, [vGGR19, Con-
jecture 1.4]). This computation also follows from the general results in [NR19].
Suppose that the integer d is a prime number p. Analogously to our Lemmas 2.5
and 3.1, we would expect that each nodal rational curve with the required maximal
contact order with L ∪ Q would give a contribution divisible by p2 to the count:
one factor of p for each contact point. Moreover, the two tangent lines L1, L2 to Q
through x give rise to two degenerate “solutions” pL1 and pL2. Thus, we would
expect the number Np to satisfy the congruence
Np =
(
2p
p
)
≡ 2 (mod p2).
Indeed, this congruence holds for all primes p. The congruence actually holds
modulo p3, as long as p is different from 2 or 3. The further divisibility could be
explained by the higher order of contact 2p with the curve Q.
4.4. Several primes. In some problems, the natural contact is composite, instead
of prime. For instance, this happens when considering the m-torsion subgroup of
an abelian variety. In this specific case, the information coming separately from
each prime power-factor of m could be combined (e.g. via the Chinese Remainder
Theorem). In other cases, this is not so clear. For instance, the formula of de
Jonquie`res and the Gromov-Witten example (Subsections 4.2 and 4.3) naturally
have contact multiplicities that are not necessarily prime numbers. In these cases,
it is not clear whether the information at individual primes is sufficient to deduce
the answer for every integer. This seems a challenging and interesting question.
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